We study the effects of thermal fluctuations on thin elastic filaments with spontaneous curvature and torsion. We derive analytical expressions for the orientational correlation functions and for the persistence length of helices, and find that this length varies non-monotonically with the strength of thermal fluctuations. In the weak fluctuation regime, the persistence length of a spontaneously twisted helix has three resonance peaks as function of the twist rate. In the limit of strong fluctuations, all memory of the helical shape is lost.
1 references [18] and [19] ). Following recent studies on the elasticity and stability of thin rods with arbitrary spontaneous curvature and torsion 20 , in this work we investigate the effect of thermal fluctuations on the statistical properties of such filaments. We derive the differential equations for the orientational correlation functions of the vectors pointing along the principal axes of the filament, and use them to calculate the correlators and the effective persistence length of an untwisted helix. Analytical expressions for the persistence length of a spontaneously twisted helix are obtained and it is found that this length varies nonmonotonically with the amplitude of fluctuations and exhibits resonant-like dependence on the rate of twist. We would like to emphasize that although the present work is motivated by recent studies of biomolecules, its aim is to construct a theoretical framework for the description of fluctuating string-like objects that goes beyond current models of polymer physics, and we do not attempt here to model particular experiments involving single-molecule manipulation.
A filament of small but finite and, in general, non-circular cross-section, is modeled as an inextensible but deformable physical line parametrized by a contour length
where L is the length of the filament). To each point s one attaches a triad of unit vectors t(s) whose component t 3 is the tangent vector to the curve at s, and the vectors t 1 (s) and t 2 (s) are directed along the axes of symmetry of the cross-section. Note that t(s), together with the inextensibility condition dx/ds = t 3 , gives a complete description of the space curve x(s), as well as of the twist of the cross-section about this curve. The rotation of the triad t as one moves along the curve is determined by the generalized Frenet equations
Here Ω ij (s) = k ε ijk ω k (s), ε ijk is the antisymmetric tensor and {ω k } are generalized torsions.
The theory of elasticity of thin rods 16 is based on the notion that there exists a stressfree reference configuration defined by the set of spontaneous curvatures and torsions {ω 0k }.
The set {ω 0k } together with Eqs.
(1) completely determines the equilibrium shape of the filament. Neglecting excluded-volume effects and other non-elastic interactions, the elastic energy associated with some actual configuration {ω k } of the filament is a quadratic form
where the bare persistence lengths a 1 = E 1 I 1 /kT, a 2 = E 1 I 2 /kT and a 3 = E 2 (I 1 + I 2 )/kT (T is the temperature and k is the Boltzmann constant) are expressed in terms of the elastic moduli E i and the moments of inertia I i about the axes of symmetry of the cross-section 20 .
The only limitation on the validity of Eq. (2) is that deformations are small on microscopic length scales, of order of the thickness of the filament. The elastic energy U el {δω k } determines the statistical weight of the configuration {ω k }. Calculating the corresponding
Gaussian path integrals we find that δω i (s) = 0 and
We conclude that fluctuations of generalized torsions at two different points along the filament contour are uncorrelated, and that the amplitude of fluctuations is inversely proportional to the corresponding bare persistence length.
The statistical properties of fluctuating filaments are determined by the orientational correlation functions, t i (s)t j (s ′ ) . In order to derive a differential equation for this correlators, we calculate the variation of t i (s) under the substitution s → s + ∆s. Integrating Eq.
(1) yields in matrix notation (for small ∆s):
where the last term appears because of noncommutativity of matrices Ω(s 1 ) and Ω(s 2 ) for different s 1 and s 2 . We multiply the above expression by t j (s ′ ), average the result and note that for s + ∆s > s > s ′ the fluctuations δω i (s 1 ) and δω j (s 2 ) are uncorrelated with the fluctuations of t i (s) and t j (s ′ ). This implies that averages of products of Ω's and t's factorize into products of the averages of Ω's and those of t's. Since the averages of the terms in the square brackets in Eq. (4) depend only on |s 1 −s 2 | and their difference vanishes, in the limit ∆s → 0 this yields
where
The above equations describe the fluctuations of filaments of arbitrary shape and flexibility and in the following this general formalism is applied to helical filaments. 
with the decay lengths l and l φ defined by l −1 = k γ k ω 
Strong fluctuations, i γ i ≫ ω 0 . In this limit
i.e., the correlators depend only on the bare persistence lengths and memory about the orientation of the vector t i decays over contour distance γ We now proceed to calculate the effective persistence length l p which controls both the thermal fluctuations of a filament and its elastic response to external forces. It is defined as the ratio of the rms end-to-end separation R 2 and the contour length of the filament L, in the limit L → ∞. The end-to-end vector is defined as R = L 0 t 3 (s)ds and thus
A simple calculation yields a result valid for arbitrarily strong fluctuations:
For non-vanishing curvature and torsion, this expression diverges in the weak fluctuation limit γ i → 0 and the shape of the filament is nearly unaffected by fluctuations. Nonmonotonic behavior is observed for "plate-like" helices, with large radius to pitch ratio, κ 0 /τ 0 . For γ i → 0, the effective persistence length approaches zero (recall that L → ∞ in Eq. In summary, we presented a statistical mechanical description of thermally fluctuating elastic filaments of arbitrary shape and flexibility. We would like to emphasize that the only limitation on the magnitude of fluctuations is that they are small on microscopic length scales, and that our model describes arbitrary deviations of a long filament from its equilibrium shape. The general formalism was applied to helical filaments with and without twist.
Strong thermal fluctuations lead to melting of the helix, accompanied by a complete loss of helical correlations. In general, the persistence length is a non-monotonic function of the amplitude of thermal fluctuations. Although through most of its range twist has a minor effect on the persistence length, resonant peaks and dips are observed whenever the rate of twist approaches zero or equals in absolute magnitude to half the rate of rotation of the helix.
Figure captions
Plot of the dimensionless persistence length l * as a function of the dimensionless rate of twist w * for a helical filament with spontaneous curvature κ 0 = 1, and torsion τ 0 = 0.01 (in arbitrary units). The different curves correspond to different bare persistence lengths:
(1) a 1 = 100, a 2 = a 3 = 5000, (2) a 1 = 1, a 2 = a 3 = 100, (3) a 1 = 0.1, a 2 = a 3 = 10, (4) a 1 = 0.01, a 2 = a 3 = 10. A magnified view of the region of small twist rates is shown in the insert.
